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Abstract
Recently in [Phys. Rev. D 99 (2019) 104010] the non-relativistic Feynman propagator for
harmonic oscillator system is presented when the generalized uncertainty principle is employed.
In this short comment it is shown that the expression is incorrect. We also derive the correct
expression of it.
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1
Recently, S. Gangopadhyay and S. Bhattacharyya[1] have derived the non-relativistic
Feynman propagators for free and harmonic oscillator systems when the generalized un-
certainty principle (GUP) is employed and have discussed on their correspondence with
noncommutativity. The GUP[2] they used can be summarized as a modified Heisenberg
algebra
[Qi, Pj] = i~(δij + βδijP
2 + 2βPiPj], (1)
where β is a GUP parameter, which has a dimension (momentum)−2. The modified Heisen-
berg algebra can be readily represented up to first order of β as Qi = qi, Pi = pi(1 + βp
2),
where {pi, qi} satisfies the usual Heisenberg algebra [qi, pj] = i~δij.
The authors of Ref.[1] have considered the harmonic oscillator system, whose Hamiltonian
is
Hˆ =
1
2m
P 2 +
1
2
mω2X2 =
p2
2m
+
β
m
p4 +
1
2
mω2x2 +O(β2). (2)
Without any explicit explanation they presented the following Feynman propagator (see Eq.
(41) of Ref. [1]) of this system in a form:
〈qf , tf |q0, t0〉 (3)
=
√
mω
2pii~ sinωT
[
1 +
3iβ~m
T
− 6βm2
(
qf − q0
T
)2
− 3
4
βm~ω2T cotωT +O(β2)
]
e
i
~
Scl,
where T = tf − t0 and Scl is a classical action. The only comment the authors presented is
that the ω → 0 limit of Eq. (3) is
KF [qf , tf : q0, t0] =
√
m
2pii~T
(
1 +
3iβ~m
T
− 6βm
2(q0 − qf )2
T 2
+O(β2)
)
(4)
× exp
[
im
2~T
(q0 − qf )2
{
1− 2βm2
(
q0 − qf
T
)2}]
,
which is Feynman propagator for free particle. Since Eq. (3) is one of the main results of
Ref. [1] and it can be used in other GUP-related issues, it is worthwhile to check the validity
of Eq. (3) more carefully. Unfortunately, it is incorrect although it approaches to a correct
ω → 0 limit. As we will show, this should be changed into
〈qf , tf |q0, t0〉 =
√
mω
2pii~ sinωT
[
1 + βf(q0, qf : T ) +O(β2)
]
e
i
~
(S0+βS1), (5)
2
where
S0 =
mω
2 sinωT
[
(q20 + q
2
f ) cosωT − 2q0qf
]
(6)
S1 = − m
3ω3
32 sin4 ωT
[
{12ωT + 8 sin 2ωT + sin 4ωT} (q40 + q4f )
−4 {12ωT cosωT + 11 sinωT + 3 sin 3ωT} q0qf (q20 + q2f )
+12 {4ωT + 2ωT cos 2ωT + 5 sin 2ωT} q20q2f
]
f(q0, qf : T ) =
3i~mω
8 sin2 ωT
(2ωT + 5 sinωT cosωT + ωT cos 2ωT )
− 3m
2ω2
8 sin3 ωT
[
2ωT
{
3 cosωT (q20 + q
2
f )− 2(2 + cos 2ωT )q0qf
}
+10 sinωT (q20 + q
2
f − 2q0qf cosωT )− 6 sin3 ωT (q20 + q2f )
]
.
Of course, S0 + βS1 is a classical action. It is straightforward to show that the ω → 0 limit
of Eq. (5) also goes to KF [qf , tf : q0, t0].
In order to show Eq. (5) explicitly we note that the Feynman propagator 〈qf , tf |q0, t0〉
can be derived from Schro¨dinger equation as
〈qf , tf |q0, t0〉 =
∑
n
ψn(qf )ψ
∗
n(q0)e
−(i/~)En(tf−t0), (7)
where ψn(q) and En are n
th-order eigenfunction and eigenvalue of Schro¨dinger equation. The
Schro¨dinger equation for the harmonic oscillator system is given by[
− ~
2
2m
∂2
∂x2
+
β~4
m
∂4
∂x4
+
1
2
mω2x2 +O(β2)
]
ψn(x) = Enψn(x). (8)
If we treat the GUP term β~
4
m
∂4
∂x4
as small perturbation, one can derive ψn(x) and En in a
form:
ψn(x) (9)
= φn(x) + (βm~ω)
[
(2n+ 3)
√
(n + 1)(n+ 2)
4
φn+2(x)− (2n− 1)
√
n(n− 1)
4
φn−2(x)
+
√
n(n− 1)(n− 2)(n− 3)
16
φn−4(x)−
√
(n+ 1)(n+ 2)(n+ 3)(n+ 4)
16
φn+4(x)
]
+O(β2)
En =
(
n +
1
2
)
~ω
[
1 +
3(2n2 + 2n+ 1)
2(2n+ 1)
(βm~ω)
]
+O(β2),
3
where n = 0, 1, 2, · · · and
φn(x) =
1√
2nn!
(mω
pi~
)1/4
Hn
(√
mω
~
x
)
exp
[
−mω
2~
x2
]
. (10)
In Eq. (10) Hn(z) is a n
th-order Hermite polynomial. We assume φm(z) = 0 for m < 0.
Inserting Eq. (9) into Eq. (7) one can express 〈qf , tf |q0, t0〉 as
〈qf , tf |q0, t0〉 = J + (βm~ω)(K1 +K2) +O(β2) (11)
where
J =
∞∑
n=0
φn(qf )φn(q0) exp
[
− i
~
(
n +
1
2
)
~ωT
{
1 +
3(2n2 + 2n+ 1)
2(2n+ 1)
(βm~ω)
}]
(12)
K1 =
[
∞∑
n=0
(2n+ 3)
√
(n+ 1)(n+ 2)
4
[φn(qf)φn+2(q0) + φn(q0)φn+2(qf)]
−
∞∑
n=2
(2n− 1)
√
n(n− 1)
4
[φn(qf)φn−2(q0) + φn(q0)φn−2(qf)]
]
exp
[
− i
~
(
n+
1
2
)
~ωT
]
K2 =
[
∞∑
n=4
√
n(n− 1)(n− 2)(n− 3)
16
[φn(qf)φn−4(q0) + φn(q0)φn−4(qf )]
−
∞∑
n=0
√
(n + 1)(n+ 2)(n+ 3)(n+ 4)
16
[φn(qf )φn+4(q0) + φn(q0)φn+4(qf )]
]
.
× exp
[
− i
~
(
n+
1
2
)
~ωT
]
.
Using the extended Mehler’s formula[3]
∞∑
k=0
tk
k!
Hk+m(x)Hk+n(y) = (1− 4t2)−(m+n+1)/2 exp
[
4txy − 4t2(x2 + y2)
1− 4t2
]
(13)
×
min(m,n)∑
k=0
22kk!

m
k



 n
k

 tkHm−k
(
x− 2ty√
1− 4t2
)
Hn−k
(
y − 2tx√
1− 4t2
)
,
one can show
J =
√
mω
pi~
e−
i
2
ωT
[(
1− 3i
4
(βm~ω2T )
)
+
3i
2
(βm~ω2T )
∂2
∂µ2
+
3
2
(βm~ω2T )
∂
∂µ
]
F (µ)
∣∣∣∣∣
µ=ωT
K1 = −1
2
√
mω
2pii~
e−
3
2
iωT sinωT
(
2i
∂
∂µ
+ 3
)
G(µ)
∣∣∣∣∣
µ=ωT
, (14)
where
F (µ) =
e
i
2
µ
√
2i sinµ
exp
[
imω
2~ sinµ
{
(q20 + q
2
f ) cosµ− 2q0qf
}]
(15)
G(µ) =
√
2ieiµ
sinµ
[
imω
~ sinµ
{
(q20 + q
2
f ) cosµ− 2q0qf
}
+ 1
]
F (µ).
4
Computing Eq. (14) explicitly, one can show
J =
√
mω
2pii~ sinωT
e
i
~
S0 J˜ K1 =
√
mω
2pii~ sinωT
e
i
~
S0K˜1, (16)
where
J˜ = 1− 3iβmω
2T
8~ sin4 ωT
[
− 3i~mω(q20 + q2f ) sin 2ωT +m2ω2(q20 + q2f − 2q0qf cosωT )2
+4i~mω sinωT (2 + cos 2ωT ) q0qf − ~2 sin2 ωT (2 + cos 2ωT )
]
(17)
K˜1 = − i
8~2 sin3 ωT
[
− 4m2ω2q0qf (q20 + q2f )(3 + cos 2ωT ) + 3~2(cos 3ωT − cosωT )
+4mω cosωT
{
mω(q40 + 6q
2
0q
2
f + q
4
f ) + 12i~q0qf sinωT
}− 3i~mω(q20 + q2f)(5 sinωT + sin 3ωT )
]
.
Using Eq. (13) again and H4(z) = 16z
4 − 48z2 + 12, one can show again K2 =√
mω
2pii~ sinωT
e
i
~
S0K˜2, where
K˜2 = − i cosωT
16~2 sin3 ωT
[
12m2ω2q20q
2
f − 3~2(1− cos 2ωT ) + 2mω
{
mω cos 2ωT (q40 + q
4
f)(18)
−4mωq0qf (q20 + q2f ) cosωT − 6i~ sinωT
{
(q20 + q
2
f ) cosωT − 2q0qf
}}]
.
Inserting J , K1, and K2 into Eq. (11), it is possible to show that the Feynman propagator
becomes Eq. (5).
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